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Perturbed Panel Flutter: A Simple Model

Leon R. Sinay*
Laboratorio de Computacao Cientifica - CNPq, Rio de Janeiro, Brazil

and
Edward L. Reissf

Northwestern University, Evanston, III.

The effects of small periodic disturbances on the response of a two-degree-of-freedom, nonconservative
mechanical system are analyzed. The system is a simple model for panel flutter. The disturbance simulates the
pressure fluctuations of a turbulent boundary layer on the panel. Asymptotic expansions of the solutions are
obtained for small-amplitude disturbances. The qualitative features of the response depend on the prescribed
variation of the disturbance frequency with the magnitude of the nonconservative applied force. The disturbance
can induce a smooth transition to the fluttering states of the rods, or it may induce jump transitions. The results
suggest a possible technique for delaying panel flutter by applying periodic forcing functions with appropriate
frequencies.

I. Introduction

PANEL flutter is caused by the interaction of an elastic
plate with fluid flowing over its surface. The flow is

basically parallel to the plate's surface. At low flow velocities,
the panel oscillates with small amplitudes. Experiments
suggest that the plate is then responding to the random
pressure fluctuations of its turbulent boundary layer. The
amplitude of the response increases slowly as the flow velocity
increases. It increases rapidly as the velocity exceeds a critical
value. Then the plate oscillates approximately periodically in
time, so that the influence of the random pressure fluc-
tuations is small. The critical velocity is called the flutter
speed, and the periodically oscillating state is called flutter. A
response diagram illustrating these features is shown by the
solid curve in Fig. 1. In an experiment, the response diagram
is a discrete set of points.

The classical mathematical models of panel flutter ignore
the turbulent boundary-layer fluctuations and other sources
of noise. We refer to them as pure flutter problems. Because
of their complexity, these problems have been studied
primarily by numerical computation; see Ref. 1 for a review.
The results of these computations suggest that pure flutter
problems can be characterized mathematically as bifurcation
problems.

The solutions of a typical bifurcation problem have the
following properties. There is a distinguished parameter X,
called the bifurcation parameter, and a distinguished
solution, called the basic solution, which exist for all values of
X. The stability of the basic solution is determined from the
linearized bifurcation theory. The values of X for which the
linear theory has nontrivial solutions are bifurcation points of
the basic state. The corresponding solutions of the linear
theory are the bifurcation modes. The critical value Xc is
defined as the smallest bifurcation point. The basic state is
stable (unstable) if X<X C (>X C ) . Furthermore, one or more
solutions of the nonlinear bifurcation problem branch from
each of the bifurcation points. They are the bifurcation states.
If for X near a bifurcation point, the bifurcation states exist
only for values greater than (less than) the bifurcation point,
then the bifurcations are called supercritical (subcritical). A
response diagram for supercritical bifurcation is shown by the
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dotted curve in Fig. 1. In panel flutter, these terms have the
following interpretations. The parameter X is a dynamic
pressure that is proportional to the square of the flow
velocity. The basic solution corresponds to the flat state of the
panel. The bifurcation points and modes are called the flutter
speeds and modes, respectively. Finally, Xc is the critical
flutter speed, and the bifurcation states are the flutter states.

Thus, bifurcation implies a sharp transition at X = XC from
the basic state to a bifurcated state. However, as shown in
Fig. 1, these sharp transitions are not observed in experiments
(see, e.g., Refs. 1 and 2). It is believed that turbulent bound-
ary-layer pressure fluctuations are responsible for the smooth
transitions. To study the effects of these fluctuations, the
classical mathematical models of panel flutter must be
modified. We refer to them as perturbed problems. Several
attempts to solve perturbed problems numerically are sum-
marized in Ref. 1. Since the methods are numerical, it is
difficult to determine the mathematical structure of the
solutions and their dependence on the physical, geometric,
and flow parameters of the problems.

To develop analytical techniques for investigating the
effects of pressure fluctuations on panel flutter, and to obtain
a deeper understanding of the response structure, the simple
model problem shown in Fig. 2 is analyzed in this paper. It is a
two-degree-of-freedom, nonconservative mechanical system.
It consists of two rigid rods of the same length and mass. They
are connected at a common pivot by a linear torsional spring.
The lower rod is connected to a fixed pivot by another tor-
sional spring with the same modulus. A frictional force acts at
the common pivot. This force is proportional to the relative
angular velocities of the two rods. The torsional springs and
the frictional force simulate the flexural rigidity and the
structural and fluid dynamic damping of the panel, respec-
tively.

The system is deformed by a compressive follower force/
whose direction is always coaxial to the upper rod. It is a
nonconservative force that simulates the fluid dynamic forces
that act on the surface of the panel. The specified time-
dependent force P(T) always acts horizontally, as shown in
Fig. 2; hence, it is a conservative force. This force simulates
the pressure fluctuations of the turbulent boundary layer. We
assume that P(T) is small, since it represents noise.

Previous studies of nonconservative mechanical systems
have considered systems similar to the present model, but with
P=0, (see, e.g., Refs. 3-5 and references given therein). The
analysis of these systems have been restricted to the linearized
equations of motion to obtain the critical value of the
follower force.
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Fig. 1 The solid curve is a response diagram for panel flutter in the
presence of turbulent boundary-layer pressure fluctuations. Here X is
a parameter which is proportional to the square of the flow velocity,
and € is an amplitude of the response of the panel. The dotted curve is
a bifurcation, or flutter, state of the "pure" flutter problem (no
turbulent boundary layer). The solution branches supercritically from
the basic solution at the bifurcation point X c .

Fig. 2 T\vo-degree-of-freedom mechanical model.

The nonlinear equations of motion for this model are
presented in Sec. II. They depend on three dimensionless
parameters—X, 5, and b. Here, X is proportional to the
follower force, 6 is an amplitude of P(7), and b is a dimen-
sionless damping coefficient. When 6 = 0, these equations
define a bifurcation problem. Then the basic solution
corresponds to the collinear, vertical state of the rods. This
state is stable for X < X C and unstable for X > X C , as shown in
Sec. III. The Poincar£-Lindstedt perturbation6 method is
used in Sec. IV to obtain the periodic solutions (flutter) that
bifurcate supercritically from the basic state at X = XC. The
period of these solutions is denoted by ITF/CO, and it depends
onX.

The perturbed problem (6^0), with P(T) a periodic func-
tion of period 2?r/fi, is analyzed in Sees. V-VII. Since in panel
flutter the pressure fluctuations depend on the flow velocity,
we assume that 12 depends on X. Furthermore, experiments
suggest that for X near Xc the panel acts as a narrow bandpass
filter. Thus, the response is nearly periodic with a frequency
close to the natural frequency cj0 = co(Xc) of the panel. Thus,
we assume that

(1)

where w is a parameter. This is the resonance case of
nonlinear vibration theory. The nonresonance case,
12(Xc)^co0, is not considered in this paper.

Asymptotic expansions of periodic solutions of period
27T/R of the perturbed problem are obtained as 6^0. A
generalization of a previously developed method7'8 is used in
the analysis. The generalization is necessary because the
linearized bifurcation problem, evaluated at X = XC , has two
linearly independent solutions (two-dimensional null space),
as shown in Sec. III. The previous analysis7'8 considers
problems whose linearizations have only one independent
solution at X = XC. Although the generalization is slight, the
results of the present analysis differ substantially from
previous applications of the method. 7~10

Because of the algebraic complexity, the length of the
calculations, and because there have been several previous
applications of the method, all details are omitted. However,

w < w1
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Fig. 3 Amplitude response curves for q> 1, where p(X) is the amplitude. The quantity w is the rate of change of the impressed frequency with X at
X = X c . The dotted curve is the bifurcated (flutter) state.
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a brief summary of the method is given in Sec. V. In addition,
we have employed a computer symbolic manipulation
language, ALTRAN,n to perform symbolically the algebraic
manipulations of the perturbation and asymptotic methods
used in Sees. IV and V.

The results are derived in Sec. VI, and are summarized in
the response diagrams in Fig. 3. The smooth transition
between the basic and bifurcated state, as shown in Fig. 1, is
obtained only for the special value w = w° (see Fig. 3f). For
this value of w, the frequencies of the forcing function, Eq.
(1), and bifurcation states coincide to 0((A — Xc)2). The other
response diagrams in the figure suggest the existence of the
critical values Xm, X f , and X w , and the possibility of dynamic
jumps to other states rather than a smooth transition. The
results are discussed in Sec. VII. An alternate interpretation
of the results is obtained by considering P(T) as a deliberately
imposed external force. Then the results suggest that flutter
can be regulated by appropriately varying the frequency of the
external force. More generally, the results suggest the use of
periodic external forces as a nonlinear stability control
method.

A more general mechanical system is analyzed in Ref. 12
using the same methods. Related results have been obtained
for the hydrodynamic stability problem of plane Poiseuille
flow with driven walls.13

II. Formulation
Referring to Fig. 2, dimensionless quantities are defined by

x(r)=0(T) y(r)=<t>(T)

(2)

where m and £ are the mass and length of the rods, respec-
tively; C and B are the moduli of the torsional springs and
damping, respectively; T is time; and 6 and </> are the
rotational angles of the rods. Thus, b is a dimensionless
damping coefficient, X is a dimensionless follower force, and
6 is an amplitude of the dimensionless noise p(r). Then the
equations of motion for the system of rods are

2x" +y"cos(x— y ) + (yf ) 2 s in (x— y ) +b(x' —yr )

+ 2x—y — \sin(x—y)=dpcosy (3a)

jt"cos(jt — y ) +y" — (xr ) 2s in( jc— y ) —b(x' —y' )

(3b)

Here p(r) is a periodic function with period 27T/Q. The per-
turbed problem consists of determining periodic solutions of
Eqs. (1) and (3) that possess the same period as the forcing
f unction /?(r); that is

7 r / f l ) = w ( r ) for all r (4)

where U(T) is the vector with components x and y. For sim-
plicity of presentation, the perturbed problem is expressed in
the compact form

(5)

The dependence of the perturbed problem on T and the
parameter b is not explicitly shown in Eq. (5).

The equations of motion (3) can be derived12 by forming
the Lagrangian of the mechanical system shown in Fig. 2.
Linearized versions of Eqs. (3) with p = 0 have been
employed3"5 in previous stability studies.

Ill. Bifurcation (Flutter) Problem—Linear Theory
The bifurcation problem is obtained by setting 6 = 0 and

12 = co in Eqs. (3) and (4). Here a; is the frequency of the
solutions of the bifurcation problem to be determined. By
employing the notation of Eq. (5), the bifurcation problem is
expressed as

F[u,\,u,0}=0 (6a)

Since Eq. (6a) is translationally invariant in r, the time axis is
shifted to normalize the solutions by the condition

y'(0)=o (6b)

The bifurcation problem, Eqs. (6), corresponds to the free
oscillations of the nonconservative mechanical system. We
wish to emphasize that condition (6b) cannot be imposed on
the solutions of the perturbed problem.

The vertical, collinear state of the rods

0 (7)

is a solution of Eqs. (6) for all values of X and co. It is the basic
solution of the bifurcation problem.

The stability of the basic solution is determined from the
linear bifurcation theory. It is obtained by linearizing Eqs. (3)
and (4), with 5 = 0, about the basic solution, Eq. (7). In the
compact notation, Eqs. (6), the linear theory is expressed as

=0 (8)

where <p(t) is a vector with the components <PJ(T) and <p2(T)-
The differential equations in Eq. (8) are linear with constant
coefficients. Thus, they have solutions in the form

This leads to the stability equation

o4+5bo3

(9)

(10)

The Routh-Hurwitz criteria applied to Eq. (10) show that the
real parts of its four roots, ay(X), j= 1,2,3,4 are negative if
X < Xc = 2/5. Furthermore, we conclude that

Rea1(\)>0f Reo2(\)>0, f o rX>X c

(11)

(12)

Application of the argument principle for analytic functions14

shows that Reo3>4(\)>Q for all X. Thus, the basic solution is
stable for X < X C , neutrally stable for X = XC, and unstable for
X > Xc. The critical value Xc corresponds to the critical flutter
speed in panel flutter. A brief discussion of the dependence of
Xc on b is given in Appendix A.

The solutions of Eq. (8), evaluated at X = XC, are a linear
combination of the vectors <P](UOT) and ^2(co0T). These
vectors are defined by

(13)
— C2sin/

cost

The constants C/, C2, and a are defined by

5b2-24 50b2 , 2
( >
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To interpret the modal vectors in Eq. (13), we express them
in phase-amplitude form

* / (0=a
L cost

Thus, C and f are the relative amplitude and phase angle of
the response of the upper rod. They are defined by

C=(Cj+Ci )^ , tanfsC2/C7 (16)

For small values of b, it follows from Eqs. (14) and (16) that

_/_
3A

(23)

A superscript 0 on the operator F and its derivatives in Eq.
(23) signify the operator evaluated at the critical point w = 0,
X = Xc, and w = co0. The vectors \l/j and \l/2, and the scalar A are
defined by

cost

cost
(24)

C«2/3, —— (17)

Thus, for small damping, the amplitude of the upper rod is
smaller than the lower rod, and it is 180 deg out of phase with
the lower rod. The smaller amplitude is consistent with the
absence of friction at the lower point. For large values of 6,

deg (18)

Consequently, the amplitude of the upper rod is small, so that
it remains nearly vertical while the lower rod oscillates. This
results from the large damping in the common pivot.

IV. Bifurcation Problem — Nonlinear Theory
The Poincare"-Lindstedt perturbation method6 is now

applied to obtain the periodic solutions of the bifurcation
problem, Eqs. (6), that branch from the basic solution at
X = XC. The period, 27r/w, of these solutions is to be deter-
mined. The existence of these solutions is guaranteed by the
Hopf bifurcation theorem.

According to the Poincard-Lindstedt method, a new time
variable t is defined by

In addition, an amplitude for the solutions is defined by

(19)

(20)

Here, the inner product <w7 ,w2 > of any two vectors ul and u2
is

(21)

where the notation (u](t),u2(t)) indicates the usual dot
product of two vectors. Then we seek solutions of Eqs. (6) by
expanding u, X, and co in power series in e near the critical
value w = 0, X = XC, and a) = w0. Omitting all details of the
calculations, this gives

(22a)

(22b)

(22c)

The vector ^7, which is defined in Eq. (15), and the constants
X2 and o>2, are given by

j_
3A

\(e)=\c+\262/2 + 0 ( e 4 )

o>(e) =

(25)

The vectors in Eq. (24) span the null space of the operator that
is the adjoint of the linearized operator F°u .

The perturbation calculations that lead to Eqs. (22) and (23)
are standard, but they are exceedingly complex algebraically.
To circumvent this difficulty we employed the computer
symbolic manipulation language ALTRAN. n It symbolically
performs the algebraic manipulations of the perturbation
methods used in this section and in Sec. V. It was used to
algebraically manipulate truncated power series, to dif-
ferentiate polynomials, and to solve symbolically linear
systems of algebraic equations. It would have been difficult to
perform the perturbation calculations without the aid of
ALTRAN. In addition, useful relations among the algebraic
expressions such as symmetries or common factors were
discovered by the automatic simplifications performed by
ALTRAN. Some of these useful symmetries are listed in
Appendix B.

As a result of the manipulations by ALTRAN, we obtain

425b8 -70b6 + 1257b4 - 72b2 + 1296—————— -

15[(5b4-b2+12)2
———— >0

>o

2V57

A =- >0 (26)

where the quantity Y is defined by

Y(b) = (25b4 +36)2 + (5b2 -24)2 + (50b2)2>0 (27)

The positivity of X2 follows from an elementary analysis of
the numerator of its expression in Eq. (26). Since X2>0, it
then follows from Eq. (22b) that a unique periodic solution of
Eqs. (6) bifurcates supercritically from the critical value Xc.
Furthermore, since co2>0, the frequency increases with the
amplitude. Thus, the mechanical system responds like a
"stiff" spring. The solution, Eqs. (22), corresponds to the
flutter state for the panel.

Equations (22) yield a response curve in X, co, and e space.
This curve emanates from the critical point, X = X c , .w = oj0,
and e = 0. Its projection onto the plane u = u0 gives the am-
plitude response diagrams discussed in Sec. I; see the dotted
curve in Fig. 1.

V. Perturbed Bifurcation Problem
Asymptotic expansions as 6-*0 of the solutions of the

perturbed problem (5) are obtained as perturbations of the
bifurcation solutions. These perturbations are singular in the
parameter X as X—>X C . The method of matched asymptotic
expansions was employed in Refs. 7 and 8 to analyze such
singular perturbations of bifurcation. A generalization of this
method is used in this section; a brief summary of this method
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is now presented. All details of the calculations are omitted
because of their substantial length, algebraic complexity, and
because there have been several previous applications of the
method.7'10

Let #0(X) denote any of the four solutions of the bifurcation
problem in Eqs. (6) that branch from Xc (see Fig. 1). Then we
seek asymptotic expansions of the solutions of the perturbed
problem in the form

(28)

By inserting Eq. (28) into Eq. (5), we find that the coefficients
Uj, y=l,2, . . ., satisfy inhomogeneous linear problems. It
can be shown that the solutions of these problems are un-
bounded as X^XC , since the imperfections are assumed to
satisfy the condition

algebraic equations are reduced to

i 7 - r / 2 ^- i / (29a)

The imperfection parameters 77 and 72 are defined by

Thus, the expansions in Eq. (28) are not valid as X-*XC; they
are called the outer expansions. Since the components of the
vector Fd [0,Xc,o>0,0] are proportional to —p(t), Eq. (29a) is
equivalent to

£?r 27 2=rf * p(t)costdt\ +\(*p(t)sintdt\ *0 (30)

If Eq. (30) is violated, then bifurcation may not be destroyed
by the disturbance p(t). See Ref. 8 for a discussion of weak
imperfections.

Asymptotic expansions of the solutions of the perturbed
problem that are valid near X = Xc are obtained in the form

j=o

= 60*) =

(31a)

(31b)

(31c)

They are the inner expansions. The new small parameter /* is
defined by Eq. (31c) and £ is the inner or boundary-layer
variable. Then Eqs. (1) and (31b) imply that near X = XC we
have

(32)

By inserting Eqs. (31) into Eq. (5) we obtain, in the usual
way, a sequence of linear problems to determine the coef-
ficients Zj. An analysis of these problems gives

(33)

where <f>j and *p2
 are defined in Eq. (15). The constants A and

B are solutions of a system of two nonlinear algebraic
equations. These equations are expressed in a more tractable
form by first defining polar coordinates p and a by

B=psinot (34)

Then, by inserting Eq. (34) into these algebraic equations, and
taking appropriate linear combinations of the result, the

- —-p 5 +£p cosa+ — (co2-wX2)p5sina=(sgn<5) -^
L A7 J A7 3

(35a)

- — (o)2-wX2)p5cosa: + - — p5 + £p sina= (sgn6) ~
I\j L Z\7 J j

(35b)

The quantities u2,X2, anc* A are given in Eq. (26). The
coefficients & A7, A]t and A2 are defined in terms of the
quantities

(36)

by

A; = (Du + wEjj ) 2 + (D12 + wEJ2 )2>0

A j A j = (Du + w£77)77 + (D12 + wE]2)I2

A7 A 2 = - (D]2 + wE]2 )77 + (Du (37)

The expressions for the quantities in Eq. (36) that were ob-
tained using ALTRAN are listed in Appendix C.

The linear equation to determine Z] is Fu [0,Xc,o;0,0]z/ =0.
Its general solution, Eq. (33), is a linear combination of the
two independent solutions, ^7 and <p2. The method, as
presented in Refs. 7 and 8, assumes that this linear problem
has only one independent solution. The present generalization
is only slight. Nevertheless, substantially different results are
obtained, as we demonstrate in Sec. VI.

For each real root [p(£)»<*(£)] °f the amplitude equations
(35), we obtain from Eqs. (31), (33), (34), and (15) an inner
expansion

= ap
cos(/ — a)

<5 ' / 3 +0(<5 2 / 3 ) (38)

Thus, we refer to p as the amplitude of the response. If
p(t) '= cos/, then a represents a phase shift in the response. The
upper rod is phase shifted with respect to the lower rod by an
angle f, as we discussed in Sec. III. The matching conditions
of the method of matched asymptotic expansions6 are then
used to determine how the various inner and outer expansions
"connect" (see the discussion in Ref. 7). Finally, the com-
posite expansions of the method then give asymptotic ex-
pansions of the solution of the perturbed problem that are
uniformly valid in X.

Thus, from the matching conditions, we obtain the
following conclusions. If w* w°, where w° is defined by

(39)

then p—0 as | £ | —-oo; that is, the inner expansions match
with the outer expansions corresponding to the two branches
of the basic solution. If w = w°, then the inner expansions
match with the outer expansions corresponding to the
bifurcated (basic) states as £ — oo ( — oo).

To interpret Eq. (39) we insert it into Eq. (1) to give the
forcing frequency as

(u 2 /X 2 ) (X-X c )+0( (X-X c ) 2 ) (40)
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However, by eliminating e2 from the representation, Eqs.
(22b) and (22c) of the bifurcated state, we get

co = c o 0 + ( o ; 2 / A 2 ) ( A - A c ) + 0 ( ( A - A c ) 2 ) (41)

Hence, we conclude from Eqs. (40) and (41) that Eq. (39)
implies that the impressed frequency equals the response
frequency of the bifurcated state to 0((X- Ac)2).

VI. Analysis of the Amplitude Equations
The amplitude equations are analyzed first for the special

case w = w°. Then, by squaring Eqs. (35), and adding the
results, we obtain the following two cubics for the amplitude
P-

(42)

Similar cubic equations were obtained previously.7'8 A sketch
of the variation of p with A is shown by the solid curve in Fig.
3f, where we have used the relationship between £ and A given
by Eq. (31b). Equations (37) imply that Aj=A2=0 when
/ ;=/2=0. Then the roots of Eq. (42) give the basic and
bifurcated solutions. The bifurcated solution is shown by the
dotted curve in the figure. Thus, when w = w° the roots of Eq.
(42) give the smooth transition from the basic to the flutter
state as A increases.

To solve Eqs. (35) in the general case when w&w0, we
observe that the amplitude equations are linear in cosa and
sina, and that

(43a)

inner expansion from Eq. (38). This can then be combined
with the outer expansions to obtain uniform, composite
expansions of the solutions of the perturbed problem.

The qualitative properties of the real roots of Eq. (44) are
obtained by first solving for £ = £(p, w). This gives

(45)

(46)

where we have used the following notation:

^
A^

It follows directly from Eq. (45) that the real roots are
bounded above by

(47)

The corresponding value of £, which we call £m , is obtained
from Eq. (45) as

(48)

Thus, the response curves, p = p(A), for the solutions of
the perturbed problem, have a local maximum at
A = A m =A c + £mS2/3 +0(6), p = pm. The position of the
maximum varies as w varies, because /3 depends on w [see Eq.
(37)].

The qualitative features of the roots depend on the values of
w, and on the magnitude of the parameter

10b4(100b4+60b2+909)

The condition of Eq. (43a) follows directly from Eq. (29), the
definitions of Aj and A2 in Eqs. (37), and from the inequality
A>0. Since w^ w°, the determinant 7 of Eqs. (35) as a linear
system for cosa and sina vanishes if, and only if, p = 0.
However, if p = 0, then Eqs. (35) imply that Af=A2=0,
which violates Eq. (43). Thus, Eqs. (35) can be solved
uniquely. This gives

cosa = -

(43b)

where 7 is defined by
(43c)

(43d)

An equation for p only is obtained by eliminating a. from
Eqs. (43b) and (43c). This gives the sixth degree polynomial
equation

(44)

Corresponding to each real root p(£) of Eq. (44), a value of
a(£) is obtained from Eqs. (43b), (43c), and (43d), and an

(49)

From ALTRAN, we obtain

q = 5VJ[ 70625672 -1750bw + 46725b8 - 77652b4

-2592b2 +46656] /3b2 [2500b12 +500b10 +44225b8

+ 1770b6 +213849b4 - 13176b2 +130896] (50)

If q> 1, then an elementary analysis of Eq. (45), which we.do
not present, shows that in addition to w° there are three other
critical values of w. They are defined by

(51)

The response diagrams in the four regions that are determined
by Eqs. (51) are shown in Fig. 3. The dotted curve in each of
these figures is the state that bifurcates from A = AC. It is
obtained from Eqs. (22) by expressing e in terms of p.

The significance of the critical value w7 is that
\m <Ac(>Ac) if w < v v l ( > w l) . At w = wl, \m coincides with
Ac. Furthermore, the critical values w+ and w ~ determine an
interval i w ~ < w . < w + , in which the amplitude is a
multivalued function of A, as shown in the figures. As w-* vv°,
the maximum amplitude — oo, as we deduce from Eq. (39),
and the definition of k in Eq. (46). At w = w ~ and w = w + ,
the amplitude has a vertical slope at A = \m.

A new critical value w = w* occurs if q < 1. It is defined by

(52)
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If w lies in the interval, M > * < W < H > ~ , the amplitude is a
single-valued function of X with a single maximum. The
maximum occurs to the left (right) of Xc if w is in
w*<w<w*(w1 <w<w~). For any values of w outside
[ w*,w], the response is multivalued. Response curves similar
to Fig. 3, when q< 1, are not shown.

VII. Discussion of Results
Each point on the solid curves in Fig. 3 represents a small-

amplitude, time-periodic solution of the perturbed problem.
These solutions have the same period as the disturbance p(r).
They are perturbations of the basic solution. Hence, we refer
to them as weak flutter states. They have a maximum am-
plitude at X = Xm. The values of this maximum, and its
location, depend on the impressed frequency Q and the im-
perfection parameters 77 and 72. As w->w0=co2 /X2 , pm-*o°,
and Xw — oo, as we deduce from Eqs. (45-48). That is, at
w = w°, the amplitude of the weak flutter state does not have a
local maximum. It represents a smooth transition from the
basic state to the flutter (bifurcation) state, as is shown in Fig.
3f.

The interpretation of the results depends on the stability of
the solutions. We assume, as is usually the case, that a
solution is stable (unstable) if

dp
- >0«0) (53)

That is, it is stable if the amplitude of the response increases
as the magnitude of the input (flow velocity) X increases. It is
unstable if the converse is true. Although this assumption is
physically reasonable, it should be verified mathematically
from linear stability theory. We do not give this verification.

Referring to Fig. 3, we observe that as X increases from
zero, the rods oscillate in a weak flutter state. If w^>v°, the
amplitudes of these oscillations increase until X = XW . Any
further increase in X results in an unstable solution. This
suggests that as X increases through Xm , there is a dynamic
transition to another state. This transition may be rapid and
involve large amplitudes. Specifically, if w is in the interval,
vv~ < w < w + , the response is multivalued, as shown in Fig.
3e. Then for X = XW , the solutions may execute a *'small"
jump from the upper branch with p = pm, to the stable in-
termediate branch with p = p/. Then by increasing X further, a
second transition will occur at X = XU with a relatively large
jump to some other solution. However, if X is decreased from
\m after the jump to the intermediate branch, a second
transition will occur at X = X f . The solution may jump to the
upper branch or to some other solution. If w lies outside the
interval w ~ < w < w + , then at X = Xm and p = pm, there are no
stable, nearby, periodic solutions. This implies a dynamic
transition, possibly with large amplitudes.

The results show that unless w=w°, the periodic distur-
bance does not provide a smooth transition to the flutter state.
Rather, it introduces the possibility of a jump transition at the
new critical value \ = \m. We observe from Fig. 3a that if
vv< w 7 , then \m <XC . This implies that if the frequency of the
disturbance varies so that w < w 7 , then early transition is
induced at X = X m < X c . Conversely, if w exceeds w 7 , so that
Xm exceeds Xc , then transition is delayed until \ = \m>\c.
Additional transitions may occur if w is in the interval
( w ~ , v V + ).

The present analysis determines periodic solutions near the
basic solutions and of the same frequency as the disturbance.
However, there may be other periodic and nonperiodic
solutions of the perturbed problem. The significance of these
solutions and all the other solutions of the initial value
problem corresponding to the differential equations (3)
depends on their stabilities. Since the long-time response of
the initial value problem is not yet known, it is difficult to
assess the significance of these additional solutions.

The stability of the mechanical system depends on two
competing effects. The horizontal force p disturbs the rods
from their vertical equilibrium state. This tends to destabilize
the rods. However, the resulting response is phase shifted by
an angle a, as we observe in Eq. (38). If the phase shift is
small, the disturbance effect of the force wins, and early
transition occurs as in Figs. 3a and 3b. However, if the phase
shift is sufficiently large, then the restraining effect of the
horizontal force wins, and transition is delayed, as in Figs. 3c-
e, 3g, and 3h. An analysis of Eqs. (43) for a, which we do not
present, confirms these remarks.

Disturbances frequently consist of a continuous spectrum
of frequencies. If the spectrum ''peaks" at distinct
frequencies, as experiments suggest in panel flutter, then the
present analysis applied to periodic disturbances with these
peak frequencies may provide an approximation to the
response. Generalizations of the present method to non-
periodic disturbances are presently under investigation.

An alternate interpretation of these results is obtained if
p(r) is considered as a specified forcing function. Then the
results suggest that the transition to flutter can be controlled
by appropriately specifying the variation with X of the forcing
function. In particular, the transition can be delayed by
applying a forcing function with w > w 7 . This interpretation
may be of practical significance for the control of panel
flutter. Additional control might be achieved, for example, by
applying a similar horizontal periodic force at the middle
pivot between the rods, with this force phase shifted with
respect to the horizontal force at the tip.

Appendix A—Remarks on the Effects of Damping
The critical value Xc = 2/5 is independent of b. However, if

6 = 0 in Eq. (10), the resulting stability equation is
biquadratic. Hence, it can be solved explicitly. Then the
critical value is Xc = 2 and Xc is not a continuous function of b
for b near 6 = 0.

To clarify this point further, the original mechanical system
is modified by allowing the lower pivot to have damping
proportional to 0', with dimensionless damping coefficient
bl. Then the resulting critical value of Xc is given by

The behavior of Xc as b and bl approach zero depends ex-
plicitly on how these two parameters approach zero. For
example if we set b = abj, for a fixed a, and then let bl —>0, we
obtain different values of Xc(0,0) depending on the value of a.
Thus, Xc(£,£/) is not a continuous function near the origin of
the bltb plane. Further consequences of this discontinuous
behavior with regard to the destabilizing effects of damping
are discussed elsewhere.12'15'16

Appendix B — Symmetries of the Bifurcation Problem
The bifurcation problem, Eq. (6), satisfies the following

identities:

l 122 ~ 1221 — ̂ 2222 = ! 1 1 1

where the quantities Pijk( are defined by
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Appendix C—Coefficients and Parameters
in the Inner Expansions

The quantities in Eq. (36) are given explicitly by

Y»DI1=5(5b4-b2+12), Y'/2D12=50b2

Y1/2E]2=6(hf5b2
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